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Based on a general form of the effective vertex functions for the decays of P-wave charmonia χcJ ,
angular distribution formulas for the subsequent decays χcJ → J/ψγ decay and J/ψ → µ+µ− are
derived. The formulas are the same as those obtained in a different approach in the literature. Our
formulas are expressed in a more general form, including parity violation effects and the full angular
dependence of J/ψ and muon in the cascade decay χcJ → J/ψγ → µ+µ−γ. The χcJ polarization
observables are expressed in terms of rational functions of the spin density matrix elements of χcJ
production. Generalized rotation-invariant relations for arbitrary integer-spin particles are also
derived and their expressions in terms of observable angular distribution parameters are given in
the χc1 and χc2. To complement our previous direct-J/ψ polarization result, we also discuss the
impact on the observable prompt-J/ψ polarization. As an illustrative application of our angular
distribution formulas, we present the angular distributions in terms of the tree-level spin density
matrix elements of χc1 and χc2 production in several different frames at the Large Hadron Collider.
Moreover, a reweighting method is also proposed to determine the entire set of the production
spin density matrix elements of the χc2, some of which disappear or are suppressed for vanishing
higher-order multipole effects making the complete extraction difficult experimentally.
PACS numbers: 13.60.Le, 13.88.+e,14.40.Pq
I. INTRODUCTION
The polarization of heavy quarkonium in hadropro-
duction e.g. at the Tevatron and the LHC, is a long-
standing issue in heavy quarkonium physics [1]. Non-
relativistic QCD (NRQCD) [2], a rigorous effective field
theory founded on the nonrelativistic nature of heavy
quarkonium, foresees that a QQ¯ pair may be formed
in a color-octet (CO) state during the hard reaction at
short-distances before it hadronizes into a color-singlet
(CS) physical quarkonium by radiating soft gluons. In
particular, the J/ψ (cc¯ bound state with quantum num-
ber JPC = 1−−), when produced at high transverse mo-
mentum (pT ), should predominantly originate from gluon
fragmentation into cc¯[
3
S
[8]
1 ], then evolve into the observed
cc¯[
3
S
[1]
1 ] [3]. The gluon fragmentation mechanism guaran-
tees that the J/ψ is produced transversely polarized in
the helicity (HX) frame when its pT is sufficiently large.
However, the data measured by the CDF [4, 5] Collab-
oration at the Tevatron indicate that the J/ψ is mainly
unpolarized and even slightly longitudinally polarized at
large pT , up to 20 GeV. This is the “polarization puzzle”
of heavy quarkonium production.
The understanding of charmonium polarization is also
important for the simulations in the experimental anal-
yses: the detector acceptance for lepton pairs from the
decay of J/ψ (or other heavy quarkonia) strongly de-
pends on the J/ψ polarization [6]. The lack of a con-
sistent description of the polarization in the simulation
of quarkonium production results in one of the largest
systematic uncertainties affecting the precision of cross
section measurements.
Experimentally, measurements of direct-J/ψ produc-
tion at hadron colliders are incomplete. The measured
prompt J/ψ data include both direct production and
feed-down contributions from χc and ψ
′, through the de-
cays χc → J/ψγ and ψ′ → J/ψpipi(plus a small contri-
bution of ψ′ → χcγ → J/ψγγ). Therefore, in order to
compare the theoretical results with experimental data,
the χc and ψ
′ yield and polarizations must also be calcu-
lated. Moreover, the χc meson has its own phenomeno-
logical interest. The ratio of the differential cross sections
for the χc1 and χc2 inclusive productions at the Tevatron
has been measured by the CDF Collaboration [7]. Their
results show that the ratio disagrees with the spin sym-
metry expectation from the leading-order (LO) compu-
tation. After including the next-to-leading (NLO) QCD
radiative correction [8], the asymptotic behavior of dσˆ
dp2T
changes from p−6T at LO to p
−4
T at NLO for the
3
P
[1]
J chan-
nel and, hence, becomes comparable to the contribution
of
3
S
[8]
1 at large pT . The result provides an opportunity
to solve the contradiction between the experiment and
the theoretical prediction. The recent LHCb result [9]
for
dσχc2
dσχc1
stays within the error bars of the NLO NRQCD
prediction. Surely, as in the J/ψ case, the investigation of
polarization of χc will also be very helpful in understand-
ing the charmonium production mechanisms in QCD.
We now briefly review the recent progress in the the-
ory of heavy quarkonium hadroproduction. In Ref. [10],
it was found that the NLO prediction for the direct-J/ψ
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2yield in the
3
S
[1]
1 channel is 2 orders of magnitude larger
than the LO one at large pT , while NLO corrections for
the CO S wave are small [11]. For the P wave, the NLO
corrections for the
3
P
[1]
J channel [8] and
3
P
[8]
J channel [12–
14] are found to be very large but negative. As for the
polarization, the NLO QCD correction [15] for the direct-
J/ψ in the CS changes it from being transverse (LO) to
longitudinal (NLO) in the HX frame.This can be under-
stood in collinear factorization up to the NLO power in
m2c
p2T
[16]. However, even after including NNLO? correc-
tions [17], in which only tree-level diagrams at α5S are
considered and infrared cutoffs are imposed to avoid soft
and collinear divergences, theoretical predictions of CS
contributions to the yields and polarizations are still in
disagreement with the CDF data [4, 5]. Recently, two
groups [18, 19] have presented their NLO results for the
direct-J/ψ production at hadron colliders, but drawn
very different conclusions due to different treatments for
the fit procedure of the available data and extracted dif-
ferent CO long-distance matrix elements (LDMEs). The
former group [18] uses a global fit, while the latter [19]
just concentrates on hadroproduction, including not only
the J/ψ yields but also the polarization data. In the lat-
ter approach, the predictions of yields at the LHC are in
good agreement with data [20, 21] up to 70 GeV, and the
J/ψ produced at the Tevatron and the LHC is found to
be almost unpolarized [19].
The angular distributions of the χc decay into J/ψ+γ
have been studied in Ref. [22] and the authors have also
calculated the spin density matrix elements (SDMEs) of
χc1 and χc2 at the Tevatron Run I. The formulas of the
angular distributions have also been derived in Ref. [23],
additionally considering the subsequent decay of the J/ψ
into a lepton pair. In the present paper we rederive the
same expressions using a different formalism. Our formu-
las, like Eqs.(13) and (C1) below, can be easily extended
to derive the correlations between the χc → J/ψγ and
J/ψ → µ+µ− angular distributions. For an illustrative
example to our derived results in the paper, we also com-
pute the tree-level yields and polarizations of the χc1 and
χc2 inclusive productions at the LHC for a center-of-mass
energy of 8 TeV. Our complete NLO NRQCD predictions
of χc1 and χc2 including yields and polarizations are given
in Ref. [24].
The organization of the paper is as follows. In Sec. II,
we introduce the basic kinematics and conventions used
in the paper. In the next three sections, we derive the
angular distributions of the J/ψ and the µ+ from the
decays of χc1 and χc2. In Sec. VI, we generalize the
rotation-invariant relations from the vector boson to ar-
bitrary integer-spin particles. In Sec. VII, we estimate
the impact of the feed-down contributions from χc and
ψ′ on the prompt-J/ψ polarization. In Sec. VIII, we
present an example to illustrate our derived formulas. Fi-
nally, the conclusion is drawn in the last section. General
expressions of the decay angular distributions for spin-1
and spin-2 bosons taking into account higher-order radi-
ation multipoles and allowing for parity-violating effects,
are presented in the Appendixes A, B, C. A reweighting
method is also proposed to extract the complete set of
the SDMEs of the χc2 in Appendix D.
II. KINEMATICS AND CONVENTIONS
In this section, we introduce the conventions and kine-
matics for our derivations performed in the following sec-
tions. Apart from χc → J/ψ + γ, we also consider the
subsequent J/ψ → µ+µ−. The spin quantization axis−→s can be chosen arbitrarily in the rest frame of the de-
caying particle. Generally, the polarization vectors for a
massive spin-1 particle are
µ0 = (|
−→
k |, E sin θ cosφ,E sin θ sinφ,E cos θ)/m,
µ± =
e∓iγ√
2
(0,∓ cos θ cosφ+ i sinφ,
∓ cos θ sinφ− i cosφ,± sin θ), (1)
where θ and φ are the polar and azimuthal decay angles
with respect to −→s and a chosen plane,1 and the symbol γ
can be chosen as an arbitrary real number. E,
−→
k , and m
are the particle’s energy, momentum, and mass. We set
γ = −φ here. For a spin-2 tensor particle, its spin wave
functions can be constructed from the spin-1 polarization
four-vectors as
µνλ =
1∑
λ1,λ2=−1
〈1, λ1; 1, λ2|2, λ〉µλ1νλ2 , (2)
where 〈1, λ1; 1, λ2|2, λ〉 are the Clebsch-Gordan coeffi-
cients, and λ, λ1, λ2 denote the angular distribution com-
ponents along the spin-quantization axis −→s . Thus, we
have the identities pµ
µ
λ = pµ
µν
λ = pν
µν
λ = (λ)
µ
µ = 0
and µνλ = 
νµ
λ .
The χcJ → J/ψγ angular distribution can be written
in terms of the χcJ production SDMEs ρλλ′ and of the
decay SDMEs Dλλ′ ,
W(θ, φ) =
J∑
λ,λ′=−J
ρλλ′Dλλ′(θ, φ), (3)
where θ and φ are the angles parameterizing the J/ψ
direction in the χcJ rest frame. Here, ρλλ′ and Dλλ′
represent the production and decay amplitudes of the χcJ
with angular momentum projector component λ along−→s multiplied by the corresponding complex conjugate
amplitudes with component λ′.
1 The plane is an important component to define the polarization
frames. At the end of this section, we will fix our chosen polar-
ization axis and corresponding plane.
3Several polarization frame definitions have been used
in the literature to fully describe the polarization of heavy
quarkonium [25], i.e. the HX (recoil or s-channel helicity)
frame, the Collins-Soper frame, the Gottfried-Jackson
frame, and the target frame.2 In the HX frame, −→s is
chosen as the flight direction of the decaying quarkonium.
In the Collins-Soper frame,
−→s = (−→p1/|−→p1| − −→p2/|−→p2|) /|−→p1/|−→p1| − −→p2/|−→p2||, (4)
where −→p1 and −→p2 denote the momenta of the two initial
state colliding particles in the rest frame of the decaying
quarkonium. In the Gottfried-Jackson frame, −→s = −→p1|−→p1| ,
and in the target frame, −→s = − −→p2|−→p2| . All the definitions
of the X, Y, Z coordinates can be found in Ref. [25]. In
particular, the Y coordinate points in the direction of−→p1 × (−−→p2) in the χc rest frame.
III. ANGULAR DISTRIBUTION OF χc1 → J/ψγ
The general vertex function for the decay of a vector
or axial vector particle into two vector particles can be
expressed as
M(V0 → V1V2) = f1 (V0 · ∗V1)[∗V2 · (−pV0 − pV1)] (5)
+ f2 (V0 · ∗V2)[∗V1 · (pV0 + pV2)]
+ f3 (
∗
V1 · ∗V2)[V0 · (pV1 − pV2)]
+ f4 [V0 · (pV1 − pV2)]
[∗V1 · (pV0 + pV2)][∗V2 · (pV0 + pV1)]
+ f5 iεV0∗V1 
∗
V2
pV0
+ f6 [
∗
V1 · (pV0 + pV2)]iεV0∗V2pV0pV2
+ f7 [
∗
V2 · (pV0 + pV1)]iεV0∗V1pV0pV1 ,
where
pV0 = pV1 + pV2 .
and εµνρσ is the antisymmetric Levi-Civita tensor.
A special notation about the vector contracting with
the Levi-Civita tensor is used, for example, εµνρk ≡
εµνρσk
σ, εµqνk ≡ εµρνσqρkσ. Specifically, in the case
of χc1(1
++) → J/ψ(1−−)γ(1−−), the f1, f2, f3, f4 terms
and the f7 term can be dropped because of parity con-
servation in QED and the absence of a longitudinal po-
larization component for the photon. If we just consider
the electric dipole (E1) transition, which is the domi-
nant contribution according to the velocity scaling rule
in NRQCD, the f6 term can also be neglected. There-
fore, we calculate the helicity amplitudes Mλχc1λJ/ψλγ
2 Another useful frame is the“perpendicular helicity frame” [26,
27]. It has been used in the Υ polarization measurement [28] by
the CMS Collaboration.
for χc1 → J/ψγ as
M+++ = M∗−−− =
mχc1e
−iφ sin θ√
2
,
M+−− = M∗−++ = −
mχc1e
3iφ sin θ√
2
,
M+0+ = −M−0− = −
(m2χc1 +m
2
J/ψ) sin
2 θ
2
2mJ/ψ
,
M+0− = −M∗−0+ =
(m2χc1 +m
2
J/ψ)e
2iφ cos2 θ2
2mJ/ψ
,
M0++ = −M∗0−− = −mχc1e−2iφ cos θ,
M00+ = M∗00− =
(m2χc1 +m
2
J/ψ)e
−iφ sin θ
2
√
2mJ/ψ
, (6)
where a factor f5(m
2
χc1 − m2J/ψ) common to all ampli-
tudes has been omitted. The decay SDMEs are ob-
tained as Dλλ′ =
∑
λJ/ψ,λγ
MλλJ/ψλγM∗λ′λJ/ψλγ . Us-
ing these ingredients [i.e. Eqs.(3) and (6)] and assuming
mχc1 = mJ/ψ, we can work out the general form of the
angular distribution of χc1 → J/ψγ:
Wχc1→J/ψγ(θ, φ) ∝ Nχc1→J/ψγ
3 + λθ
(
1 + λθ cos
2 θ (7)
+ λφ sin
2 θ cos 2φ+ λθφ sin 2θ cosφ
+ λ⊥φ sin
2 θ sin 2φ+ λ⊥θφ sin 2θ sinφ
)
,
with
λθ =
3ρ0,0 −Nχc1
3Nχc1 − ρ0,0
, λφ = − 2<ρ1,−1
3Nχc1 − ρ0,0
,
λθφ = −
√
2(<ρ1,0 −<ρ−1,0)
3Nχc1 − ρ0,0
,
λ⊥φ =
2=ρ1,−1
3Nχc1 − ρ0,0
, λ⊥θφ =
√
2(=ρ1,0 + =ρ−1,0)
3Nχc1 − ρ0,0
, (8)
where ρi,j are SDMEs for the χc1 yields and Nχc1 =
ρ1,1 + ρ0,0 + ρ−1,−1.
IV. ANGULAR DISTRIBUTION OF χc2 → J/ψγ
Similarly, in the χc2 case, we can write down the gen-
eral vertex function for a spin-2 tensor particle T decay-
ing into two vector particles
M(T → V1V2) = g1 ∗V2 · T · ∗V1
+ g2 [(pV1 − pV2) · T · ∗V1 ][∗V2 · (−pT − pV1)]
+ g3 [(pV1 − pV2) · T · ∗V2 ][∗V1 · (pT + pV2)]
+ g4 [(pV1 − pV2) · T · (pV1 − pV2)](∗V1 · ∗V2)
+ g5 [(pV1 − pV2) · T · (pV1 − pV2)]
[∗V1 · (pT + pV2)][∗V2 · (pT + pV1)]
+ Levi-Civita terms, (9)
4where pT = pV1 + pV2 . Because of parity conserva-
tion, we drop the Levi-Civita terms in χc2(2
++) →
J/ψ(1−−)γ(1−−). The g2, g3, g4, g5 terms can also be
ignored in consideration of the fact that we only in-
clude the leading-order contribution, i.e., the E1 transi-
tion, and these terms are suppressed by (m2χc2 −m2J/ψ)2
as compared to the g1 term. Moreover, some of these
terms vanish exactly when the photon is transversely po-
larized. Thus, the helicity amplitudes Mλχc2λJ/ψλγ for
χc2 → J/ψγ become
M2++ = M−2−− = sin
2 θ
4
,
M2+− = M∗−2−+ = e2iφ cos4
θ
2
,
M2−− = M∗−2++ =
e4iφ sin2 θ
4
,
M2−+ = M∗−2+− = e2iφ sin4
θ
2
,
M20+ = −M∗−20− = −
m2χc2 +m
2
J/ψ√
2mχc2mJ/ψ
eiφ sin3
θ
2
cos
θ
2
,
M20− = −M∗−20+ = −
m2χc2 +m
2
J/ψ√
2mχc2mJ/ψ
e3iφ cos3
θ
2
sin
θ
2
,
M1++ = −M∗−1−− = −
e−iφ sin 2θ
4
,
M1+− = −M∗−1−+ = 2eiφ cos3
θ
2
sin
θ
2
,
M1−− = −M∗−1++ = −
e3iφ sin 2θ
4
,
M1−+ = −M∗−1+− = −2eiφ sin3
θ
2
cos
θ
2
,
M10+ = M−10− =
m2χc2 +m
2
J/ψ
2
√
2mχc2mJ/ψ
sin2
θ
2
(1 + 2 cos θ),
M10− = M∗−10+ =
m2χc2 +m
2
J/ψ
2
√
2mχc2mJ/ψ
e2iφ cos2
θ
2
(2 cos θ − 1),
M0++ = M∗0−− =
e−2iφ(1 + 3 cos 2θ)
4
√
6
,
M0+− = M0−+ = 3 sin
2 θ
2
√
6
,
M00+ = −M∗00− = −
√
3(m2χc2 +m
2
J/ψ)
8mχc2mJ/ψ
e−iφ sin 2θ. (10)
The angular distribution of the χc2 → J/ψγ decay has,
in the E1 approximation and assuming mχc2 = mJ/ψ,
the same general expression of the χc1 → J/ψγ case:
Wχc2→J/ψγ(θ, φ) ∝ Nχc2→J/ψγ
3 + λθ
(
1 + λθ cos
2 θ (11)
+ λφ sin
2 θ cos 2φ+ λθφ sin 2θ cosφ
+ λ⊥φ sin
2 θ sin 2φ+ λ⊥θφ sin 2θ sinφ
)
with
λθ =
6Nχc2 − 9(ρ1,1 + ρ−1,−1)− 12ρ0,0
6Nχc2 + 3(ρ1,1 + ρ−1,−1) + 4ρ0,0
,
λφ =
2
√
6(<ρ2,0 + <ρ−2,0) + 6<ρ1,−1
6Nχc2 + 3(ρ1,1 + ρ−1,−1) + 4ρ0,0
,
λθφ =
6(<ρ2,1 −<ρ−2,−1) +
√
6(<ρ1,0 −<ρ−1,0)
6Nχc2 + 3(ρ1,1 + ρ−1,−1) + 4ρ0,0
,
λ⊥φ = −
2
√
6(=ρ2,0 −=ρ−2,0) + 6=ρ1,−1
6Nχc2 + 3(ρ1,1 + ρ−1,−1) + 4ρ0,0
,
λ⊥θφ = −
6(=ρ2,1 + =ρ−2,−1) +
√
6(=ρ1,0 + =ρ−1,0)
6Nχc2 + 3(ρ1,1 + ρ−1,−1) + 4ρ0,0
,
Nχc2 = ρ2,2 + ρ1,1 + ρ0,0 + ρ−1,−1 + ρ−2,−2. (12)
If the magnetic quadrupole (M2) and electric octupole
(E3) contributions are also taken into account by keeping
the relevant terms in the vertex functions, the expression
of the angular distribution acquires further terms in the
χc2 case while, both for χc1 and χc2, the existing terms
are modified. The modifications depend on one addi-
tional coefficient (expressing the fractional M2 amplitude
contribution) in the χc1 case and on two additional co-
efficients (M2 and E3 contributions) in the χc2 case. If
these coefficients are not < O(1%), they can modify the
angular distributions significantly [23]. However, incon-
sistencies in their current experimental determinations
exist [29–32]. The complete formulas for the angular dis-
tributions including the higher-order multipole effects are
presented in the appendixes, while only the E1 transition
is considered, for simplicity, throughout the body of the
paper.
Our results [Eqs.(8) and (12)] are exactly the same as
those given in Refs. [22, 23]. Actually, our derivations,
which are based on the general effective decay vertex
functions, are equivalent to those obtained there using
the angular momentum conservation, since the effective
amplitudes written by us are also originated from general
considerations on the spins of the involved particles.
V. LEPTON DISTRIBUTION IN
χcJ → J/ψγ → µ+µ−γ
We are now in a position to investigate the µ+ angular
distributions from the cascade decay χcJ → J/ψγ →
µ+µ−γ.
We start from a general formalism to study it. We
denote with −→s1 and −→s2 the quantization axes of the χcJ
and of the J/ψ, respectively. The general form of the
angular distribution of the µ+ is
WχcJ→J/ψγ→µ+µ−γ(θ′, φ′)
=
∫
d2Ω[θ, φ]ρχcJJz,J′zM
χcJ→J/ψγ
Jzszλγ
(θ, φ)MJ/ψ→µ+µ−szλµ+λµ− (θ
′, φ′)(
MχcJ→J/ψγJ′zs′zλγ (θ, φ)M
J/ψ→µ+µ−
s′zλµ+λµ−
(θ′, φ′)
)∗
, (13)
5where the ρχcJJz,J′z coefficients are the production SDMEs of
the χcJ ,MχcJ→J/ψγJzszλγ ,M
J/ψ→µ+µ−
szλµ+λµ−
are the amplitudes of
the two successive decays,3 Jz is the χcJ angular momen-
tum projection with respect to −→s1 , sz the J/ψ angular
momentum projection with respect to −→s2 , λγ , λµ+ , λµ−
the photon and lepton helicities. The angles θ and φ
define the J/ψ direction in the χcJ rest frame with re-
spect to −→s1 . θ′ and φ′ determine the µ+ direction in
the J/ψ rest frame with respect to −→s2 . Indices appear-
ing twice imply a summation, with Jz, J
′
z = ±J,±(J −
1), . . . , 0, sz, s
′
z = ±1, 0, and λγ , λµ+ , λµ− = ±1.
We will consider two different definitions of −→s2 . In the
first option, −→s2 is the flight direction of the J/ψ in the rest
frame of the χcJ . The J/ψ → µ+µ− angular disribution
can be parametrized in the same form of Eqs.(7) and
(11), with five observable coefficients depending on the
χcJ SDMEs ρ
χcJ
Jz,J′z
:
λχc1θ′ = −
1
3
, λχc1φ′ = λ
⊥χc1
φ′ = 0, (14)
λχc1θ′φ′ =
√
2(<(ρχc11,0 )−<(ρχc1−1,0))
12Nχc1
,
λ⊥χc1θ′φ′ = −
√
2(=(ρχc11,0 ) + =(ρχc1−1,0))
12Nχc1
,
λχc2θ′ =
1
13
,
λχc2φ′ =
7
√
6(<ρχc20,2 + <ρχc20,−2) + 12<ρχc21,−1
78Nχc2
,
λχc2θ′φ′ =
√
6(<ρχc2−1,0 −<ρχc21,0 ) + 24(<ρχc2−2,−1 −<ρχc22,1 )
156Nχc2
,
λ⊥χc2φ′ =
7
√
6(=ρχc20,2 −=ρχc20,−2)− 12=ρχc21,−1
78Nχc2
,
λ⊥χc2θ′φ′ =
√
6(=ρχc2−1,0 + =ρχc21,0 ) + 24(=ρχc2−2,−1 + =ρχc22,1 )
156Nχc2
,
with NχcJ =
∑J
λ=−J ρ
χcJ
λλ . We see that the same results
can be obtained in another formalism using the language
of angular momentum theory. The spin correlations be-
tween the χcJ production SDMEs ρ
χcJ
Jz,J′z
, referred to the
quantization axis −→s1 and the SDMEs of the J/ψ coming
from χcJ , ρ
χcJ→J/ψγ
sz,s′z
referred to −→s2 , can be expressed as
ρ
χcJ→J/ψγ
sz,s′z
=
3
8pi
∫
dΩ[θ, φ]ρχcJJz,J′zD
J∗
Jz,IzDJJ′z,I′z (15)
〈1, λγ ; 1, sz|J, Iz〉〈J, I ′z|1, λγ ; 1, s′z〉Br(χcJ → J/ψγ),
where implicit summations run over Jz, J
′
z, Iz, I
′
z =
±J,±(J−1), . . . , 0 and over λγ = ±1, Br(χcJ → J/ψγ) is
3 We use the general vector current amplitudes for the J/ψ decay
into a muon pair.
the branching ratio of the radiative decay and DJJz,J′z ≡
DJJz,J′z (−φ, θ, φ) = eiφ(Jz−J
′
z)dJJz,J′z (θ), d
J
Jz,J′z
(θ) being
the well-known Wigner d function
dJJz,J′z (θ) =
min(J+J′z,J−Jz)∑
k=max(0,J′z−Jz)
(−)k−J′z+Jz (16)
×
√
(J + J ′z)!(J − J ′z)!(J + Jz)!(J − Jz)!
(J + J ′z − k)!k!(J − Jz − k)!(k − J ′z + Jz)!
×
(
cos
θ
2
)2J−2k+J′z−Jz (
sin
θ
2
)2k−J′z+Jz
.
One can easily verify that after substituting ρ
χcJ→J/ψγ
sz,s′z
calculated from the above equation into the well-known
expression of the angular distribution of the muon from
J/ψ → µ+µ−,
λ
J/ψ
θ′ =
NJ/ψ − 3ρJ/ψ0,0
NJ/ψ + ρ
J/ψ
0,0
,
λ
J/ψ
φ′ =
2<ρJ/ψ1,−1
NJ/ψ + ρ
J/ψ
0,0
,
λ
J/ψ
θ′φ′ =
√
2(<ρJ/ψ1,0 −<ρJ/ψ−1,0)
NJ/ψ + ρ
J/ψ
0,0
,
λ
⊥J/ψ
φ′ = −
2=ρJ/ψ1,−1
NJ/ψ + ρ
J/ψ
0,0
,
λ
⊥J/ψ
θ′φ′ = −
√
2(=ρJ/ψ1,0 + =ρJ/ψ−1,0)
NJ/ψ + ρ
J/ψ
0,0
, (17)
the expressions in Eq.(14) are recovered.
As a second option, −→s2 is chosen as coinciding with −→s1 .
The J/ψ spin state |1, sz〉 with respect to −→s2 is no longer
its helicity state, like in the first case. This option is actu-
ally a much“easier” choice for the experiment, at least at
not very low J/ψ momentum, because it does not require
the use of the photon momentum, and it actually coin-
cides with the usual set of reference frames adopted in
the study of prompt J/ψ [23]. With a direct calculation
following Eq.(13), we obtain
λχc1θ′ =
−Nχc1 + 3ρχc10,0
3Nχc1 − ρχc10,0
, (18)
λχc1φ′ = −
2<ρχc11,−1
3Nχc1 − ρχc10,0
,
λχc1θ′φ′ = −
√
2(<ρχc11,0 −<ρχc1−1,0)
3Nχc1 − ρχc10,0
,
λ⊥χc1φ′ =
2=ρχc11,−1
3Nχc1 − ρχc10,0
,
λ⊥χc1θ′φ′ =
√
2(=ρχc11,0 + =ρχc1−1,0)
3Nχc1 − ρχc10,0
,
6λχc2θ′ =
6Nχc2 − 9(ρχc21,1 + ρχc2−1,−1)− 12ρχc20,0
6Nχc2 + 3(ρ
χc2
1,1 + ρ
χc2
−1,−1) + 4ρ
χc2
0,0
,
λχc2φ′ =
2
√
6(<ρχc22,0 + <ρχc2−2,0) + 6<ρχc21,−1
6Nχc2 + 3(ρ
χc2
1,1 + ρ
χc2
−1,−1) + 4ρ
χc2
0,0
,
λχc2θ′φ′ =
6(<ρχc22,1 −<ρχc2−2,−1) +
√
6(<ρχc21,0 −<ρχc2−1,0)
6Nχc2 + 3(ρ
χc2
1,1 + ρ
χc2
−1,−1) + 4ρ
χc2
0,0
,
λ⊥χc2φ′ =
2
√
6(=ρχc20,2 −=ρχc20,−2)− 6=ρχc21,−1
6Nχc2 + 3(ρ
χc2
1,1 + ρ
χc2
−1,−1) + 4ρ
χc2
0,0
,
λ⊥χc2θ′φ′ =
6(=ρχc21,2 + =ρχc2−1,−2) +
√
6(=ρχc20,1 + =ρχc20,−1)
6Nχc2 + 3(ρ
χc2
1,1 + ρ
χc2
−1,−1) + 4ρ
χc2
0,0
.
One can also derive these expressions by combining
ρ
χcJ→J/ψγ
sz,s′z
∝
∑
lz=±1,0
∑
Jz,J′z
〈1, lz; 1, sz|J, Jz〉
〈J, J ′z|1, lz; 1, s′z〉ρχcJJz,J′zBr(χcJ → J/ψγ) (19)
and Eq.(17). It is interesting to note that the expres-
sions for the J/ψ → µ+µ− distributions obtained with
this option for −→s2 are exactly identical (having the same
dependence on the χcJ production SDMEs) to the ex-
pressions obtained before for the χcJ → J/ψγ distribu-
tions. This is only rigorously true when only the E1
transitions are considered. As is discussed quantitatively
in Ref. [23] [whose results are reproduced by Eq.(18)],
the J/ψ → µ+µ− distributions are only mildly corrected
by the additional M2 and E3 contributions, while the
χcJ → J/ψγ distributions are quite sensitive to them.
VI. ROTATION INVARIANT RELATIONS FOR
ARBITRARY INTEGER-SPIN PARTICLES
The partonic Drell-Yan process in perturbative QCD
obeys the well-know Lam-Tung identity [33], which states
that the coefficients λθ and λφ of the lepton angular dis-
tribution from the Drell-Yan process satisfy λθ+4λφ = 1.
Its theoretical relevance is that the relation remains un-
changed up to O(α2s) corrections [34] and receives rela-
tively small corrections even by resummation [35]. The
distinctive feature of the identity is that it is indepen-
dent of the chosen orientation of the spin axis. It was
later pointed out by the authors of Ref. [36] that the
rotation invariance of the Lam-Tung relation is a gen-
eral consequence of the rotational covariance of J = 1
angular momentum eigenstates. They presented an ex-
pression formally analogous to the Lam-Tung identity for
a J = 1 boson decaying into a fermion pair with the only
assumption that the spin-quantization axis −→s should be
set in the production plane, i.e., F1 =
1+λθ+2λφ
3+λθ
. The
new observable F1 is rotation invariant in the produc-
tion plane. The condition that the spin-quantization
axis is in the production plane is, indeed, fulfilled in the
HX, Collins-Soper, Gottfried-Jackson, and target frames.
From Ref. [36], we know that the rotation-invariant prop-
erty of F1 is guaranteed from a relation of the Wigner
functions d11,M (θ)+d
1
−1,M (θ) = δ|M |,1. In the section, we
want to generalize the relation to the arbitrary spin-n (n
is an integer) particles. We straightforwardly write down
the linear identities for the Wigner functions:
k∑
m=−k
〈k,m; k,m|2k, 2m〉d2k2m,M (θ)
= 〈k, M
2
; k,
M
2
|2k,M〉δmod(M,2),0, n = 2k,
k∑
m=0
〈2k + 1−m, 0;m, 0|2k + 1, 0〉
(d2k+12k+1−m,M (θ) + d
2k+1
m−2k−1,M (θ))
= 〈 |M |+ 1
2
+ k, 0;
1− |M |
2
+ k, 0|2k + 1, 0〉
δmod(M,2),1, n = 2k + 1, (20)
where k is a non-negative integer. The amplitudes with
respect to a chosen polarization axis can be symbolically
denoted as |n〉 = ∑nm=−n am|n,m〉, where |n,m〉 is a Jz
eigenstate with the eigenvalues m = −n,−n + 1, ..., n,
and am is the production amplitude, i.e., ρJz,J′z ≡〈aJza∗J′z 〉(average over the events, assuming that for each
event the particle can be produced in a different angular
momentum state). From Eq.(20), we can immediately
draw a conclusion that the linear combinations of ampli-
tudes
b2k ≡
k∑
m=−k
〈k,m; k,m|2k, 2m〉a2m,when n = 2k,
and
b2k+1 ≡
k∑
m=0
〈2k + 1−m, 0;m, 0|2k + 1, 0〉
(a2k+1−m + am−1−2k),when n = 2k + 1,
are invariant under the rotation in the production plane.
Therefore, the observables like Fn defined as
Fn ≡ 1
Bn
〈|bn|2〉
Nn
,
Nn ≡
n∑
m=−n
〈|am|2〉 ≡
n∑
m=−n
ρm,m, (21)
are rotation-invariant, where Bn is a normalization fac-
tor to ensure 0 ≤ Fn ≤ 1. In a more extended sense,
any function of Fn is rotation-invariant. Fn can be ex-
pressed in terms of the coefficients of the decay angular
distribution (e.g., λθ,λφ, etc). Specifically, for the spin-1
particles, the observable is
F1 ≡ 1
2
〈|a1 + a−1|2〉
〈|a1|2 + |a0|2 + |a−1|2〉 , (22)
7while for the spin-2 particles, its expression is
F2 ≡ 1
3
〈|a2 +
√
2
3a0 + a−2|2〉
〈|a2|2 + |a1|2 + |a0|2 + |a−1|2 + |a−2|2〉 . (23)
As examples of F1, we consider the J/ψ decay into two
muons and the χc1 decay into a J/ψ and a photon. For
the J/ψ,4
F
J/ψ→µ+µ−
1 =
1 + λθ′ + 2λφ′
3 + λθ′
, (24)
which has been presented in Ref. [36], while for the χc1,
one can derive
F
χc1→J/ψγ
1 =
1− λθ − 4λφ
3 + λθ
(25)
from Eqs.(8) and (22).5 The χc2 provides an example of
the spin-2 particles. In fact, the complete angular dis-
tribution of the χc2’s decay product J/ψ is Eq.(D3) in
stead of Eq.(11). However, the terms absent in Eq.(11)
are suppressed, as mentioned above. Hence, the spin in-
formation in Eq.(12) is not sufficient. In Appendix B,
we have included the E1,M2, and E3 effects into the an-
gular distribution of J/ψ in χc2 → J/ψγ and derived
the F
χc2→J/ψγ
2 there [see Eq.(B6)]. We suggest that the
reader who is interested in this part to refer to Appendix
B. These frame-invariant relations can be extended to the
study of other bosons or mesons. The experimentalists
can measure these observables to make a cross-check of
their extractions of the angular distribution coefficients
in different frames.
VII. UNCERTAINTY OF J/ψ POLARIZATION
FROM FEED-DOWN
The CDF data for the prompt-J/ψ production include
not only direct-J/ψ production but also the feed-down
contributions from χcJ and ψ
′. However, the recent NLO
calculations of J/ψ polarization in Refs. [18, 19] are de-
void of the feed-down contributions. Though the LO
NRQCD prediction of the feed down to the J/ψ polar-
ization in Ref. [37] was found to have a minor impact on
4 Since the invariants are only defined to be invariant with re-
spect to rotations in the production plane, the invariance of
F
J/ψ→µ+µ−
1 is satisfied when J/ψ is directly produced or from
χc decay in the second option but not in the first option. How-
ever, in the first option, one can still define invariants with re-
spect to rotations in the χc decay plane.
5 Note that the expressions of F
J/ψ→µ+µ−
1 and F
χc1→J/ψγ
1 as
functions of the polarization observables λ’s can also be written
in one common form being F
χc1→J/ψγ
1 = 1 − 2FJ/ψ→µ
+µ−
1 .
This fact can also be expected from the rotation relations of λ’s
given in Ref. [6].
the final LO result, one may still doubt whether the NLO
feed-down effect on λθ′
6 of the J/ψ can be neglected, be-
cause the NLO correction to the P wave is large [8]. In
this section, we will estimate the possible uncertainty of
the J/ψ polarization λθ′ arising from the feed down of
the χc and ψ
′ decays.
The calculation of the prompt-J/ψ polarization is com-
plex. In general, prompt data are composed of four parts,
i.e., the direct production of the J/ψ, the single-cascade
decays of the χc and of the ψ
′, and the double-cascade
decay ψ′ → χcγ → J/ψγγ. The direct production of the
J/ψ has been studied, e.g., in Refs. [18, 19]. The rela-
tion between the production SDMEs of the χc and the
SDMEs of the J/ψ from χc decays is given by Eq.(19),
whereas the relation between the production SDMEs of
the ψ′ and the SDMEs of the χc coming from ψ′ decay
is
ρψ
′→χcJ
Jz,J′z
∝ (26)∑
lz,sz,s′z=±1,0
〈1, lz; 1, sz|J, Jz〉〈1, lz; 1, s′z|J, J ′z〉ρψ
′
sz,s′z
.
By combining Eqs.(27) and (19), the double-cascade de-
cay component can also be calculated. However, in the
following uncertainties estimation, we will neglect this
contribution, because of the small branching ratio and
small cross section ratio between ψ′ and J/ψ [13]. Fi-
nally, the single-cascade decay ψ′ → J/ψpipi can be
treated in analogy with the double chromoelectric dipole
transition
3
S
[8]
1 → J/ψ [37]. This part will also not be
included in the uncertainties because of the small cross
section ratio between ψ′ and J/ψ [13] and the spin ori-
entation conserved in ψ′ → J/ψpipi [38].
In this way, the only contribution to be considered is
the feed down from χc. We consider the total prompt-
J/ψ yield ρ decomposed in the “direct” part, ρd, already
calculated in NRQCD at the NLO level, and the “feed-
down” part ρf , with their corresponding polarization ob-
servables λdθ′ and λ
f
θ′ , polar anisotropies of the dilepton
decay disributions. The fraction of the J/ψ yield from
feed down with respect to the total prompt yield is de-
noted as r, i.e., r ≡ 2ρ
f
1,1+ρ
f
0,0
2ρ1,1+ρ0,0
7 with ρsz,s′z ≡ ρfsz,s′z+ρdsz,s′z
and ρ ≡ 2ρ1,1+ρ0,0. Hence, the prompt-J/ψ decay polar
anisotropy is
ρf0,0 = r
1− λfθ′
3 + λfθ′
ρ, ρf1,1 = r
1 + λfθ′
3 + λfθ′
ρ, (27)
ρd0,0 = (1− r)
1− λdθ′
3 + λdθ′
ρ, ρd1,1 = (1− r)
1 + λdθ′
3 + λdθ′
ρ,
6 Note that, to be consistent throughout the context, the polariza-
tion observables of the J/ψ or the angular distributions of the
muon are all denoted by an extra prime.
7 Note that we use the symmetry property ρH−λ,−λ′ =
(−)λ−λ′ρH
λ,λ′ which is guaranteed in hadroproduction by par-
ity invariance [39].
8and
λθ′ =
rλf
θ′
3+λf
θ′
+
(1−r)λd
θ′
3+λd
θ′
r
3+λf
θ′
+ 1−r
3+λd
θ′
. (28)
All these considerations are valid for any polarization
frame. From Eq.(18), we know that the J/ψ from χc1 and
χc2 can have − 13 ≤ λχc1θ′ ≤ 1 and − 35 ≤ λχc2θ′ ≤ 1. There-
fore, we take the − 43105 ≤ λfθ′ ≤ 1, which is weighted by
the relative contributions of χc1 and χc2 to prompt J/ψ,
i.e., σχc1B(χc1 → J/ψγ)/σχc2B(χc2 → J/ψγ) ∼= 5 : 2
, as measured by CDF [7]. For example, let us com-
pare the cases λdθ′ = 0 and λ
d
θ′ = 1, approximated
values of the direct-J/ψ polarization predictions in the
HX frame for pT > 10GeV at the Tevatron accord-
ing to Refs. [18, 19], respectively. The allowed prompt-
J/ψ polarization ranges in the two cases (with λfθ′ vary-
ing from − 43105 to 1) are − 129r272+43r ≤ λθ′ ≤ 3r4−r and
68−111r
68+37r ≤ λθ′ ≤ 1. If we fix r = 0.3 (the central value of
the average χc feed-down fraction to prompt J/ψ mea-
sured at the Tevatron [40]), the feed-down contribution
may change λθ′ from 0.24 to −0.14 when λdθ′ = 0 and
from 1 to 0.44 when the polarization of the direct J/ψ
is fully transverse. More generally, Fig. 1 shows curves
for the prompt-J/ψ polarization λθ′ as a function of the
direct-J/ψ polarization λdθ′ , for λ
f
θ′ = +1, 0,− 43105 , and
r = 0.3. The upper and lower curves represent physi-
cal bounds for λθ′ . Figure 2 shows the maximum pos-
sible impact of the feed down from the χc decays on
the prompt-J/ψ polarization predicted in the HX frame
for the Tevatron with
√
s = 1.96TeV and |yJ/ψ| < 0.6.
The LDMEs values (see Table I) used for the direct-J/ψ
prediction are those obtained in Ref. [19] by fitting the
NLO NRQCD calculation to the Tevatron data. Only
the central value of the direct-J/ψ prediction is shown.
In particular, the prediction of an almost unpolarized
J/ψ production obtained with the LDMEs determined
in Ref. [19] is not drastically affected by the neglected
impact of the χc feed-down contribution.
TABLE I: CO LDMEs for J/ψ from Ref. [19] obtained by
fitting the differential cross section and polarization of prompt
J/ψ simultaneously at the Tevatron [5]. The CS LDME is
calculated with the B-T potential model in Ref. [41].
〈OJ/ψ(3S[1]1 )〉 〈OJ/ψ(1S[8]0 )〉 〈OJ/ψ(3S[8]1 )〉 〈OJ/ψ(3P [8]0 )〉/m2c
GeV3 10−2GeV3 10−2GeV3 10−2GeV3
1.16 8.9 0.30 0.56
VIII. AN EXAMPLE OF χc1 AND χc2
POLARIZATION
In this section, we are in a position to give an example
for the inclusive χc1 and χc2 production at the LHC with
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FIG. 1: (color online). Possible impact of the feed down
on the prompt-J/ψ polar anisotropy λθ′ as a function of the
direct-J/ψ polarization λdθ′ . Here, r = 0.3 is assumed, and the
curves correspond to J/ψ polarizations from the feed down
λfθ′ = +1, 0,− 43105 .
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FIG. 2: (color online). The direct-J/ψ polarization λθ′ in
the HX frame at the Tevatron calculated with the LDMEs of
Table I, and the corresponding upper and lower limits for the
prompt-J/ψ polarization assuming the χc feed-down contri-
bution r = 0.3. CDF data are taken from Refs. [4, 5].
√
s = 8 TeV.8 We also present the contributions of the
individual Fock states to the SDMEs, for the convenience
of the readers who want to use our results with different
LDME values.
We use our automatic matrix element and event gener-
ator HELAC-Onia [42] to calculate all the SDMEs under
8 To avoid possible misunderstanding, we want to remind the read-
ers that we only give LO NRQCD results here as a simple ap-
plication of the formulas presented in the paper. We do not
intend to give phenomenological predictions of χc polarization.
As pointed out in Ref. [8], there is a kinematical enhancement of
P wave at NLO, which results in a large cancellation between the
P wave and S wave. Our more reliable NLO phenomenological
results for χc are presented in an independent paper [24].
9the relevant conditions. The generator is built on rewrit-
ten versions of the published HELAC [43, 44], PHE-
GAS [45, 46], RAMBO [47], and VEGAS [48] codes. The
program has been extensively tested.
The input parameters in our calculations are
(1) mc = 1.5 GeV,mχc = 2mc = 3GeV,
9
(2)
√
s = 8 TeV, |yχc | < 2.4,
(3) the CTEQ6L1 [49] set of parton distribution func-
tions,
(4) renormalization and factorization scales µr = µf =√
(2mc)2 + p2T ,
(5) CS LDMEs 〈OχcJ (3P [1]J )〉 = 3(2J+1)2Nc4pi |R′P (0)|2,
with |R′P (0)|2 = 0.075GeV5 [41], and
(6) CO LDMEs
〈OχcJ (3S[8]1 )〉
2J+1 = 2.2× 10−3GeV3 [8].
The relations between the SDMEs of
3
S
[8]
1 and those of
3
P
[1]
J are identical to those in Eq.(27) and are specifically
ρ
3
S
[8]
1 →χcJ
Jz,J′z
∝ (29)∑
lz,sz,s′z=±1,0
〈1, lz; 1, sz|J, Jz〉〈1, lz; 1, s′z|J, J ′z〉ρ
3
S
[8]
1
sz,s′z
.
The results of the calculations are organized in the
following groups of figures, where in each case, from top
to bottom, three different polarization frames are consid-
ered (HX, Collins-Soper, Gottfried-Jackson): Figs.(3,4,5)
show the partial cross sections (dσ00dpT ,
dσ11
dpT
, dσ22dpT ) and
the total cross sections (dσtotdpT ) as a function of pT for
each individual Fock state contributing to χc production
(
3
P
[1]
1 ,
3
P
[1]
2 , and
3
S
[8]
1 , with
dσtot
dpT
= 2dσ11dpT +
dσ00
dpT
for
3
P
[1]
1
and
3
S
[8]
1 ,
dσtot
dpT
= 2dσ22dpT +2
dσ11
dpT
+ dσ00dpT for
3
P
[1]
2 ). The corre-
sponding nondiagonal SDMEs are shown in Figs.(6,7,8).
The frame-dependent parameters λθ, λφ, and λθφ of the
radiative χc decays are shown in Figs.(9,10,11) for the χc1
and in Figs.(12,13,14) for the χc2, with distinct curves for
the CS-only result and for the full CS+CO calculation.
We remind that these parameters are also identical, in
the E1-only approximation, to the parameters λθ′ , λφ′ ,
and λθ′φ′ of the dilepton distribution of the J/ψ from
χc1 decays in the second option, for each considered po-
larization frame. Finally, Figs.(15) and (16) show the
results for the corresponding frame-independent polar-
ization parameters F1 and F2.
Some features should be emphasized:
9 We use the approximation mχc = mJ/ψ = 2mc here. The mass
dependences of the result is mild when pχcT ' p
J/ψ
T > 2mc.
(1) From the curves of the total cross sections in
Figs.(3,4,5), we may conclude that the CS dom-
inates in the low transverse momentum region,
while the CO may dominate when pT increases be-
cause gluon fragmentation processes [50] become
important. The CS pT distribution may receive
significant contributions from the higher order ra-
diative corrections [8]. The full NLO predictions for
χcJ polarizations are already presented in Ref. [24].
(2) The polarization parameters in the Gottfried-
Jackson frame tend to be very similar to those in
the HX frame, especially at high pT , while signif-
icant differences exist between these two and the
Collins-Soper frame. The HX and Collins-Soper
frames are, therefore, sufficient for the characteri-
zation of the angular distributions. In particular,
from Fig.5, we see that the longitudinal cross sec-
tion of the
3
S
[8]
1 channel is largest in the Collins-
Soper frame when pT  2mc, in agreement with
the statement in Ref. [22].
(3) We have verified that the results of ρi,j in the
Gottfried-Jackson frame and the target frame coin-
cide within error bars, aside from a factor (−1)i−j ,
which is also pointed out in Ref. [22]. Therefore,
we will not present the results in the target frame
here. For diagonal elements, i.e., ρi,i, the curves in
the Gottfried-Jackson are similar to those in the he-
licity frame and different from those in the Collins-
Soper frame. Hence, for the polarization observable
λθ, the helicity and the Collins-Soper frames are
enough. Moreover, from Fig.(5), we see that the
longitudinal cross section of the
3
S
[8]
1 channel is the
largest in the Collins-Soper frame when pT  2mc,
which is consistent with the statement in Ref. [27].
(4) In the HX and the Collins-Soper frames, the
SDMEs ρi,j with |i−j| odd are almost zero. There-
fore, they should be measured in the Gottfried-
Jackson frame as well as λθφ and λθ′φ′ shown in
Figs.(11) and (14). In fact, this is a consequence
of the definition of the Y axis taken always as
P1 × (−P2) (in the χc rest frame) both at posi-
tive and negative rapidity. Actually, the values of
λθφ in the positive and negative rapidity are oppo-
site. The existence of these relations between the
choice of the Y aixs and the sign λθφ was already
pointed out in Ref. [6]. On the other hand, for ρi,j
with |i− j| even, the measurements in the HX and
the Collins-Soper frames are more significant than
in the Gottfried-Jackson frame.
(5) The frame-independent observables defined in
Eqs.(22) and (23) for the χc1 and the χc2 are shown
in Fig.15. The figures show the frame-independent
property of F
χc1→J/ψγ
1 and F
χc2→J/ψγ
2 by direct
numerical calculation. Hence, it would be inter-
esting to measure these observables at the LHC. In
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particular, it is remarkable that F
χc2→J/ψγ
2 is prac-
tically independent of pT , contrary to λθ and λφ in
all frames considered (see Figs.(12) and (13)).
IX. SUMMARY
Finally, we draw our conclusion. The upgrade of the
integrated luminosity at the LHC will not only allow us to
measure the polarizations of S-wave quarkonium states
like J/ψ and ψ′ but also the angular distributions of de-
cay products from the P -wave states χcJ . This opens
new opportunities to further test NRQCD factorization
and the quarkonium production mechanisms, in general.
We have presented a general calculation framework based
on the shape of the decay vertex functions to investigate
the polarizations of the χcJ states and their impact in
the observed prompt-J/ψ polarization. We have derived
general expressions for the polar and azimuthal angle dis-
tributions of the χc1 and χc2 decays into J/ψγ and for
the subsequent J/ψ decay into muons. The coefficients of
the angular distributions have been calculated as a func-
tion of the χc production SDMEs [Eqs.(8), (12), (14),
(18), and (D4)]. We have derived rotation-invariant re-
lations for arbitrary integer-spin particles [Eq.(21)] and
in the specific cases of χc1 and χc2 decays. As an ex-
ample of an application of our calculation framework, in
the NRQCD factorization, we have calculated the tree-
level angular distributions of the χc1 and χc2 decays at
the LHC considering several polarization frames and also
frame-independent quantities. Moreover, we have also es-
timated the impact of the χc feed down in the polariza-
tion of prompt J/ψ. We found that our previous direct-
J/ψ polarization results [19] will not change much after
including this part. A more detailed phenomenological
analysis of the yields and polarizations of χc in hadropro-
duction are performed in Ref. [24], based on our complete
NLO NRQCD calculations.
Note added: While this paper was prepared, a new
preprint [51] for polarizations of the prompt-J/ψ and
ψ′ production at the LHC and Tevatron appeared. The
authors extracted a set of CO LDMEs for the J/ψ other
than those in Refs. [18, 19] by including the χcJ and
ψ′ feed-down contributions. Their LDMEs result in two
combinations of LDMEs that agree with those extracted
in Refs. [13, 19], and their prompt polarization result is
around the upper limit in Fig.2 of this paper.
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Appendix A: Decay angular distribution of spin-1
bosons
The most general expression for the decay angular dis-
tribution of a vector boson V without assuming parity
conservation is
WV (θ, φ) ∝ 1 + λθ cos2 θ + λφ sin2 θ cosφ
+ λθφ sin 2θ cosφ+ λ
⊥
φ sin
2 θ sin 2φ
+ λ⊥θφ sin 2θ sinφ+ 2ηθ cos θ
+ 2ηθφ sin θ cosφ+ 2η
⊥
θφ sin θ sinφ, (A1)
with
λθ = (1− 3δ)
NV − 3ρV0,0
(1 + δ)NV + (1− 3δ)ρV0,0
,
λφ = (1− 3δ)
2<ρV1,−1
(1 + δ)NV + (1− 3δ)ρV0,0
,
λθφ = (1− 3δ)
√
2(<ρV1,0 −<ρV−1,0)
(1 + δ)NV + (1− 3δ)ρV0,0
,
λ⊥φ = −(1− 3δ)
2=ρV1,−1
(1 + δ)NV + (1− 3δ)ρV0,0
,
λ⊥θφ = −(1− 3δ)
√
2(=ρV1,0 + =ρV−1,0)
(1 + δ)NV + (1− 3δ)ρV0,0
,
ηθ = α
ρV1,1 − ρV−1,−1
(1 + δ)NV + (1− 3δ)ρV0,0
,
ηθφ = α
√
2(<ρV1,0 + <ρV−1,0)
(1 + δ)NV + (1− 3δ)ρV0,0
,
η⊥θφ = −α
√
2(=ρV1,0 −=ρV−1,0)
(1 + δ)NV + (1− 3δ)ρV0,0
, (A2)
where NV = ρ
V
1,1+ρ
V
0,0+ρ
V
−1,−1, and the parameters α, δ
depend on the identity of V and of its decay products. In
particular, α is induced by the parity-violating interac-
tions in the decay. In other words, it is nonzero only when
the decay is not a parity conservative process. For the
J/ψ decays into dilepton, α = 0, δ = 0, whereas for the
pure E1 radiative transition χc1 → J/ψγ, α = 0, δ = 12 .
If one also wants to include the M2 transition in the
χc1 decay, δ should be changed to
1+2aJ=11 a
J=1
2
2 , where
aJ=11 , a
J=1
2 represent the E1 and M2 amplitudes, respec-
tively, with the normalization (aJ=11 )
2 + (aJ=12 )
2 = 1.
They have been measured in Refs. [29, 30, 32]. The nu-
merical values measured are shown in Table II. Without
losing generality, the rotation-invariant observable F1 de-
11
fined in Eq.(22) can be written as10
F1 =
1− 3δ + (1− δ)λθ + 2λφ
(1− 3δ)(3 + λθ) . (A3)
TABLE II: The normalized M2 amplitude aJ=12 for χc1 →
J/ψγ as measured by different experiments.
Experiment aJ=12 (10
−2)
CLEO [29] −6.26± 0.63± 0.24
Crystal Ball [30] −0.2+0.8−2.0
E835 [32] 0.2± 3.2± 0.4
In order to show the impact of the higher-order mul-
tipole M2 contribution to the χc1 polarizations, we take
the example illustrated in Sec. VII. As an illustrative
case, only λθ in the HX frame is shown in Fig. 17, where
E1 means pure E1 transtion approximation and E1+M2
means that we have included the full E1 and M2 transi-
tions using the CLEO [29] measured aJ=1 in Table II.
Appendix B: Decay angular distribution of spin-2
bosons
The general decay angular distributions of spin-2 ten-
sor particles T can have up to 24 observable parameters:
WT (θ, φ) ∝ 1 + λθ cos2 θ + λ2θ cos4 θ
+ λθφ sin 2θ cosφ+ λ2θφ sin 2θ sin
2 θ cosφ
+ λ⊥θφ sin 2θ sinφ+ λ
⊥
2θφ sin 2θ sin
2 θ sinφ
+ λφ sin
2 θ cos 2φ+ λ2φ sin
4 θ cos 2φ
+ λ⊥φ sin
2 θ sin 2φ+ λ⊥2φ sin
4 θ sin 2φ
+ λ3θφ sin 2θ sin
2 θ cos 3φ
+ λ⊥3θφ sin 2θ sin
2 θ sin 3φ
+ λ4φ sin
4 θ cos 4φ+ λ⊥4φ sin
4 θ sin 4φ
+ 2ηθ cos θ + 2η2θ cos
3 θ
+ 2ηθφ sin θ cosφ+ 2η2θφ sin
3 θ cosφ
+ 2η⊥θφ sin θ sinφ+ 2η
⊥
2θφ sin
3 θ sinφ
+ 2ηφ sin
2 θ cos θ cos 2φ+ 2η⊥φ sin
2 θ cos θ sin 2φ
+ 2η3θφ sin
3 θ cos 3φ
+ 2η⊥3θφ sin
3 θ sin 3φ, (B1)
10 One just substitutes Eq.(A2) into Eq.(22) to get the following
expression. We want to remind the readers that because the
rotation-invariant observable is not uniquely defined, a more gen-
eral form of the rotation-invariant observable is an arbitary func-
tion of F1.
where
λθ = 6[(1− 3δ0 − δ1)NT
− (1− 7δ0 + δ1)(ρT1,1 + ρT−1,−1)
− (3− δ0 − 7δ1)ρT0,0]/R,
λ2θ = (1 + 5δ0 − 5δ1)[NT − 5(ρT1,1 + ρT−1,−1)
+ 5ρT0,0]/R,
λθφ = 4[2(1− δ0 − 2δ1)(<ρT2,1 −<ρT−2,−1)
−
√
6(2δ0 − δ1)(<ρT1,0 −<ρT−1,0)]/R,
λ2θφ = −2(1 + 5δ0 − 5δ1)[(<ρT2,1 −<ρT−2,−1)
−
√
6(<ρT1,0 −<ρT−1,0)]/R,
λ⊥θφ = 4[−2(1− δ0 − 2δ1)(=ρT2,1 + =ρT−2,−1)
+
√
6(2δ0 − δ1)(=ρT1,0 + =ρT−1,0)]/R,
λ⊥2θφ = 2(1 + 5δ0 − 5δ1)[(=ρT2,1 + =ρT−2,−1)
−
√
6(=ρT1,0 + =ρT−1,0)]/R,
λφ = 4[
√
6(1 + δ0 − 3δ1)(<ρT2,0 + <ρT−2,0)
− 6(2δ0 − δ1)<ρT1,−1]/R,
λ2φ = −2(1 + 5δ0 − 5δ1)[
√
6(<ρT2,0 + <ρT−2,0)
− 4<ρT1,−1]/R,
λ⊥φ = −4[
√
6(1 + δ0 − 3δ1)(=ρT2,0 −=ρT−2,0)
− 6(2δ0 − δ1)=ρT1,−1]/R,
λ⊥2φ = 2(1 + 5δ0 − 5δ1)[
√
6(=ρT2,0 −=ρT−2,0)
− 4=ρT1,−1]/R,
λ3θφ = 2(1 + 5δ0 − 5δ1)
<ρT2,−1 −<ρT−2,1
R
,
λ⊥3θφ = −2(1 + 5δ0 − 5δ1)
=ρT2,−1 + =ρT−2,1
R
,
λ4φ = 2(1 + 5δ0 − 5δ1)
<ρT2,−2
R
,
λ⊥4φ = −2(1 + 5δ0 − 5δ1)
=ρT2,−2
R
, (B2)
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and
ηθ = 2[(2α1 + α2)(ρ
T
2,2 − ρT−2,−2)
− 2(α1 − α2)(ρT1,1 − ρT−1,−1)]/R,
η2θ = −2(2α1 − α2)[(ρT2,2 − ρT−2,−2)
− 2(ρT1,1 − ρT−1,−1)]/R,
ηθφ = −4[2(α1 − α2)(<ρT2,1 + <ρT−2,−1)
−
√
6α1(<ρT1,0 + <ρT−1,0)]/R,
η2θφ = 2(2α1 − α2)[3(<ρT2,1 + <ρT−2,−1)
−
√
6(<ρT1,0 + <ρT−1,0)]/R,
η⊥θφ = 4[2(α1 − α2)(=ρT2,1 −=ρT−2,−1)
−
√
6α1(=ρT1,0 −=ρT−1,0)]/R,
η⊥2θφ = −2(2α1 − α2)[3(=ρT2,1 −=ρT−2,−1)
−
√
6(=ρT1,0 −=ρT−1,0)]/R,
ηφ = −2
√
6(2α1 − α2)
<ρT2,0 −<ρT−2,0
R
,
η⊥φ = 2
√
6(2α1 − α2)
=ρT2,0 + =ρT−2,0
R
,
η3θφ = −2(2α1 − α2)
<ρT2,−1 + <ρT−2,1
R
,
η⊥3θφ = 2(2α1 − α2)
=ρT2,−1 −=ρT−2,1
R
, (B3)
with
NT = ρ
T
2,2 + ρ
T
1,1 + ρ
T
0,0 + ρ
T
−1,−1 + ρ
T
−2,−2,
R = (1 + 5δ0 + 3δ1)NT
+ 3(1− 3δ0 − δ1)(ρT1,1 + ρT−1,−1)
+ (5− 7δ0 − 9δ1)ρT0,0. (B4)
The parameters α1 and α2 vanish when parity is con-
served, as in the χc2 decay. Other two parameters δ0 and
δ1 can be determined from the specific processes con-
sidered. For the χc2 decays into a J/ψ and a photon,
through pure E1 transition, δ0 =
1
10 and δ1 =
3
10 , while
after including the higher-order multipole amplitudes in
the radiative transitions, the coefficients δ0 and δ1 can
be expressed as the following polynomials in the E1, M2,
and E3 amplitudes aJ=21 , a
J=2
2 , a
J=2
3 :
δ0 = [1 + 2a
J=2
1 (
√
5aJ=22 + 2a
J=2
3 )
+ 4aJ=22 (a
J=2
2 +
√
5aJ=23 ) + 3(a
J=2
3 )
2]/10,
δ1 = [9 + 6a
J=2
1 (
√
5aJ=22 − 4aJ=23 )
− 4aJ=22 (aJ=22 + 2
√
5aJ=23 ) + 7(a
J=2
3 )
2]/30.(B5)
Again, the normalization of (aJ=21 )
2+(aJ=22 )
2+(aJ=23 )
2 =
1 has been imposed. The measurements of the multipole
amplitudes Refs. [29–32] are listed in Table III. Finally,
the expression of the frame-independent parameter F2 in
terms of the coefficients in Eq.(B1):
F2 =
n1 + n2λθ + n3λ2θ + n4λφ + n5λ2φ + n6λ4φ
d1 + d2λθ + d3λ2θ
,
n1 =
1
6
,
n2 =
4− 4δ0 − 3δ1
18(2− 4δ0 − 3δ1) ,
n3 =
2 + 2δ0 − 7δ1 − 4δ20 + δ0δ1 + 3δ21
6(1 + 5δ0 − 5δ1)(2− 4δ0 − 3δ1) ,
n4 =
1
3(2− 4δ0 − 3δ1) ,
n5 =
2δ0 − δ1
(1 + 5δ0 − 5δ1)(2− 4δ0 − 3δ1) ,
n6 =
1
1 + 5δ0 − 5δ1 ,
d1 =
15
16
, d2 =
5
16
, d3 =
3
16
. (B6)
TABLE III: The normalized M2 and E3 amplitudes
aJ=22 , a
J=2
3 for χc2 → J/ψγ as measured by various experi-
ments.
Experiment aJ=22 (10
−2) aJ=23 (10
−2)
CLEO(Fit 1) [29] −9.3± 1.6± 0.3 0(fixed)
CLEO(Fit 2) [29] −7.9± 1.9± 0.3 1.7± 1.4± 0.3
Crystal Ball [30] −33.3+11.6−29.2 0(fixed)
E760(Fit 1) [31] −14± 6 0(fixed)
E760(Fit 2) [31] −14+8−7 0+6−5
E835(Fit 1) [32] −9.3+3.9−4.1 ± 0.6 0(fixed)
E835(Fit 2) [32] −7.6+5.4−5.0 ± 0.9 2.0+5.5−4.4 ± 0.9
In order to show the impact of the higher-order multi-
pole M2 contribution11 to the χc2 polarizations, we take
the example illustrated in Sec. VII as well. As an illus-
trative example, only λθ in the HX frame is illustrated in
Fig. 18, where E1 means pure E1 transition approxima-
tion and E1+M2 means that we have included the full
E1 and M2 transitions, with aJ=22 as measured by the
CLEO collaboration [29] (Table III).
Appendix C: Dilepton angular distribution in χc
decay with multipole effects
We consider here the general expression of the dilepton
angular distribution in the decays χc → J/ψγ → µ+µ−γ,
including also the higher-order multipole transitions ne-
glected in Sec. V.
In the first option discussed in Sec. V for the defi-
nition of the J/ψ quantization axis, the SDMEs for the
11 The E3 amplitude for the χc2 decay is zero from the consideration
of the single quark radiation hypothesis.
13
J/ψ from χc decays can be expressed in terms of the χc
production matrix elements as12
ρ
χcJ→J/ψγ
sz,s′z
=
1
8pi
J+1∑
l=1
∑
λγ=±l
∫
dΩ[θ, φ]ρχcJJz,J′zD
J∗
Jz,J1zDJJ′z,J2z
〈l, λγ ; 1, sz|J, J1z〉〈J, J2z|1, λγ ; 1, s′z〉
(2l + 1)(aJ=Jl )
2Br(χcJ → J/ψγ). (C1)
The coefficients are expressed as
λχc1θ′ = −
1− 3(aJ=12 )2
3− (aJ=12 )2
, λχc1φ′ = λ
⊥χc1
φ′ = 0,
λχc1θ′φ′ =
√
2(aJ=11 )
2(<(ρχc11,0 )−<(ρχc1−1,0))
4(3− (aJ=12 )2)Nχc1
,
λ⊥χc1θ′φ′ = −
√
2(aJ=11 )
2(=(ρχc11,0 ) + =(ρχc1−1,0))
4(3− (aJ=12 )2)Nχc1
,
λχc2θ′ =
3(1− 11(aJ=22 )2 + 9(aJ=23 )2)
39 + 11(aJ=22 )
2 − 9(aJ=23 )2
,
λχc2φ′ =
(aJ=21 )
2(7
√
6(<ρχc20,2 + <ρχc20,−2) + 12<ρχc21,−1)
2(39 + 11(aJ=22 )
2 − 9(aJ=23 )2)Nχc2
,
λχc2θ′φ′ = [
√
6(1− 13
3
(aJ=22 )
2 − (aJ=23 )2)(<ρχc2−1,0 −<ρχc21,0 )
+ 6(4− 9(aJ=22 )2 − 4(aJ=23 )2)(<ρχc2−2,−1 −<ρχc22,1 )]
/ [4(39 + 11(aJ=22 )
2 − 9(aJ=23 )2)Nχc2 ],
λ⊥χc2φ′ =
(aJ=21 )
2(7
√
6(=ρχc20,2 −=ρχc20,−2)− 12=ρχc21,−1)
2(39 + 11(aJ=22 )
2 − 9(aJ=23 )2)Nχc2
,
λ⊥χc2θ′φ′ = [
√
6(1− 13
3
(aJ=22 )
2 − (aJ=23 )2)(=ρχc2−1,0 + =ρχc21,0 )
+ 6(4− 9(aJ=22 )2 − 4(aJ=23 )2)(=ρχc2−2,−1 + =ρχc22,1 )]
/ [4(39 + 11(aJ=22 )
2 − 9(aJ=23 )2)Nχc2 ].
As remarked previously, some of the polarization observ-
ables are trivial and devoid of spin information. How-
ever, these observables can, in principle, be measured to
extract the multipole amplitudes of the χc decay, for ex-
ample, in electron-positron collisions.
In the second option, in which the quantization axis
for the J/ψ → µ+µ− decay coincides with the χc quan-
tization axis, the general relation between the SDMEs of
the χcJ ρ
χcJ
Jz,J′z
and those of the J/ψ from the χcJ decay
12 If one does not integrate the angles θ and φ in the following
equation and put the SDMEs ρ
χcJ→J/ψγ
sz ,s′z
(θ, φ) into Eq.(17), one
obtains the full angular distribution of the decay chain χc →
J/ψγ → µ+µ−γ, including the correlations between the χc decay
angles θ, φ and the J/ψ decay angles θ′, φ′, which might be useful
in Monte Carlo simulations of experimental analyses.
ρ
χcJ→J/ψγ
sz,s′z
in the full multipole expansion is
ρ
χcJ→J/ψγ
sz,s′z
∝
J+1∑
l=1
l∑
lz=−l
∑
Jz,J′z
(aJ=Jl )
2〈l, lz; 1, sz|J, Jz〉
〈J, J ′z|l, lz; 1, s′z〉ρχcJJz,J′zBr(χcJ → J/ψγ). (C2)
The coefficients of the µ+ angular distribution are
λχc1θ′ =
−Nχc1 + 3ρχc10,0
R1
, (C3)
λχc1φ′ = −
2<ρχc11,−1
R1
,
λχc1θ′φ′ = −
√
2(<ρχc11,0 −<ρχc1−1,0)
R1
,
λ⊥χc1φ′ =
2=ρχc11,−1
R1
,
λ⊥χc1θ′φ′ =
√
2(=ρχc11,0 + =ρχc1−1,0)
R1
,
λχc2θ′ =
6Nχc2 − 9(ρχc21,1 + ρχc2−1,−1)− 12ρχc20,0
R2
,
λχc2φ′ =
2
√
6(<ρχc22,0 + <ρχc2−2,0) + 6<ρχc21,−1
R2
,
λχc2θ′φ′ =
6(<ρχc22,1 −<ρχc2−2,−1) +
√
6(<ρχc21,0 −<ρχc2−1,0)
R2
,
λ⊥χc2φ′ =
2
√
6(=ρχc20,2 −=ρχc20,−2)− 6=ρχc21,−1
R2
,
λ⊥χc2θ′φ′ =
6(=ρχc21,2 + =ρχc2−1,−2) +
√
6(=ρχc20,1 + =ρχc20,−1)
R2
,
with
R1 = [(15− 2(aJ=12 )2)Nχc1
− (5− 6(aJ=12 )2)ρχc10,0 ]/(5− 6(aJ=12 )2),
R2 = [2(21 + 14(a
J=2
2 )
2 + 5(aJ=23 )
2)Nχc2
+ 3(7− 14(aJ=22 )2 − 5(aJ=23 )2)(ρχc21,1 + ρχc2−1,−1)
+ 4(7− 14(aJ=22 )2 − 5(aJ=23 )2)ρχc20,0 ]
/ (7− 14(aJ=22 )2 − 5(aJ=23 )2).
Appendix D: A possible way for determining
ρJz ,J′z (|Jz − J ′z| > 2) of χc2 with a reweighting method
From Eqs.(12), (14), (18), we see that the χc2 SDMEs
ρJz,J′z having |Jz − J ′z| > 2 cannot be measured from
the integrated angular distributions. The fact that the
coefficients of these SDMEs are suppressed by v2 or
(mχc2−mJ/ψ) makes the measurement of these polariza-
tion observables difficult. In this appendix, we propose a
reweighting method to measure these SDMEs.
From Eq.(10), it can be recognized that this fact orig-
inates from the cancellation of the transverse and lon-
14
gitudinal components of the J/ψ coming from χc2.
13
If the probabilities of the transverse and the longitudi-
nal parts are made different by reweighting, the sup-
pression of the ρJz,J′z (|Jz − J ′z| > 2) terms can be
avoided. The only tradeoff is that one should also
measure the polar angle θ′ of the µ+ from the subse-
quent J/ψ decay.14 As is well known, the polar an-
gle distribution of the µ+ from the transverse polarized
J/ψ decay is (1+cos
2 θ′)
2 , while that from the longitu-
dinal one is (1 − cos2 θ′). Therefore, after integrating
over solid angles of the µ+, the transverse and longi-
tudinal J/ψ components receive equal weight DJz,J′z =∑
λJ/ψ=±,0,λγ=±MJz,λJ/ψ,λγM∗J′z,λJ/ψ,λγ resulting in the
cancellation of the terms containing ρJz,J′z (|Jz−J ′z| > 2)
of the χc2. It is possible to avoid these cancellations by
measuring the angle θ′ and assigning each reconstructed
event the extra weight w(cos2 θ′). For example, if one
chooses w(cos2 θ′) ∝ cos2 θ′, because of∫
d cos θ′ (1− cos2 θ′)w(cos2 θ′)
:
∫
d cos θ′
(1 + cos2 θ′)
2
w(cos2 θ′) = 1 : 2,
the decay SDMEs become
DJz,J′z = 2
∑
λJ/ψ=±,λγ=±
MJz,λJ/ψ,λγM∗J′z,λJ/ψ,λγ
+
∑
λγ=±
MJz,0,λγM∗J′z,0,λγ , (D1)
and the cancellations do not occur. Without losing gen-
erality, we define rL and rT such that∫
d cos θ′ (1− cos2 θ′)w(cos2 θ′)
:
∫
d cos θ′
(1 + cos2 θ′)
2
w(cos2 θ′) = rL : rT ,
and
DJz,J′z = rT
∑
λJ/ψ=±,λγ=±
MJz,λJ/ψ,λγM∗J′z,λJ/ψ,λγ
+ rL
∑
λγ=±
MJz,0,λγM∗J′z,0,λγ . (D2)
The weighted angular distribution of χc2 → J/ψγ is,
thus,
W˜χc2→J/ψγ(θ, φ) ∝ 1 + λθ cos2 θ + λ2θ cos4 θ
+ λφ sin
2 θ cos 2φ+ λ⊥φ sin
2 θ sin 2φ
+ λθφ sin 2θ cosφ+ λ
⊥
θφ sin 2θ sinφ
+ λ2φ sin
4 θ cos 2φ+ λ⊥2φ sin
4 θ sin 2φ
+ λ2θφ sin 2θ sin
2 θ cosφ
+ λ⊥2θφ sin 2θ sin
2 θ sinφ
+ λ3θφ sin 2θ sin
2 θ cos 3φ
+ λ⊥3θφ sin 2θ sin
2 θ sin 3φ
+ λ4φ sin
4 θ cos 4φ
+ λ⊥4φ sin
4 θ sin 4φ. (D3)
The explicit expressions for the coefficients are
Nχc2 = ρ2,2 + ρ1,1 + ρ0,0 + ρ−1,−1 + ρ−2,−2,
R = 3(rT + rL)Nχc2 + 3rT (ρ1,1 + ρ−1,−1) + (7rT − 3rL)ρ0,0,
λθ =
6rTNχc2 − 9rL(ρ1,1 + ρ−1,−1)− 6(5rT − 3rL)ρ0,0
R
,
λ2θ = (rT − rL)3Nχc2 − 15(ρ1,1 + ρ−1,−1) + 15ρ0,0
R
,
λφ =
[
2
√
6(4rT − 3rL)(<ρ2,0 + <ρ−2,0)
−6(2rT − 3rL)<ρ1,−1] /R,
λ⊥φ = −
[
2
√
6(4rT − 3rL)(=ρ2,0 −=ρ−2,0)
−6(2rT − 3rL)=ρ1,−1] /R,
λθφ = [6(2rT − rL)(<ρ2,1 −<ρ−2,−1)
−
√
6(2rT − 3rL)(<ρ1,0 −<ρ−1,0)
]
/R,
λ⊥θφ = − [6(2rT − rL)(=ρ2,1 + =ρ−2,−1)
−
√
6(2rT − 3rL)(=ρ1,0 + =ρ−1,0)
]
/R,
λ2φ = (rT − rL)24<ρ1,−1 − 6
√
6(<ρ2,0 + <ρ−2,0)
R
,
λ⊥2φ = −(rT − rL)24=ρ1,−1 − 6
√
6(=ρ2,0 −=ρ−2,0)
R
,
λ2θφ = 6(rT − rL) [−(<ρ2,1 −<ρ−2,−1)
+
√
6(<ρ1,0 −<ρ−1,0)
]
/R,
λ⊥2θφ = 6(rT − rL) [(=ρ2,1 + =ρ−2,−1)
−
√
6(=ρ1,0 + =ρ−1,0)
]
/R,
λ3θφ = 6(rT − rL)<ρ2,−1 −<ρ−2,1
R
,
λ⊥3θφ = −6(rT − rL)=ρ2,−1 + =ρ−2,1
R
,
λ4φ = (rT − rL)6<ρ2,−2
R
,
λ⊥4φ = −(rT − rL)6=ρ2,−2
R
. (D4)
From the above equations, we find that one can measure
λ3θφ, λ
⊥
3θφ, λ4φ, λ
⊥
4φ to determine the values of ρJz,J′z (|Jz−
J ′z| > 2) if rT 6= rL.
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